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Abstract. Let A be a commutative ring, B a commutative yl-algebra and 
M a complex of B-moduIes. We begin by constructing the square Sq^y^ M, 
which is also a complex of i?-modules. The squaring operation is a quadratic 
functor, and its construction requires differential graded (DG) algebras. If 
there exists an isomorphism p : M Sq^ M then the pair (M, p) is called 
a rigid complex over B relative to A (there are some finiteness conditions). 
There is an obvious notion of rigid morphism between rigid complexes. 

We establish several properties of rigid complexes, including their unique- 
ness, existence (under some extra hypothesis), and formation of pullbacks 
f^{M,p) (resp. f^{M,p)) along a finite (resp. essentially smooth) ring ho- 
momorphism f* : B ^ C. 

In the subsequent paper rYZ4l we consider rigid dualizing complexes over 
commutative rings, building on the results of the present paper. The project 
culminates in I Ye4l . where we give a comprehensive version of Grothendieck 
duality for schemes. 

The idea of rigid complexes originates in noncommutative algebraic geom- 
etry, and is due to Van den Bergh IVdB| . 



0. Introduction 

Rigid dualizing complexes were invented by Van den Bergh [VdBj in the context 
of noncommutative algebraic geometry. Since then the theory of rigid dualizing 
complexes was developed further by several people, with many applications in the 
areas of noncommutative algebra and noncommutative algebraic geometry. See the 
papers [YZll IYZ2[ IYZ3j and their references. 

The present paper is the first in a series of three papers in which we apply 
the rigidity technique to the areas of commutative algebra and algebraic geometry. 
Of course the commutative setup is "contained in" , and is always much "easier" 
than the corresponding noncommutative setup. The point is that we want to get 
stronger and more general results when we restrict attention to commutative rings 
and schemes. 

Let us remind the reader that in the papers cited above the noncommutative 
algebras in question were always assumed to be over some base field K. The first 
generalization that comes to mind when considering a commutative theory of rigid 
dualizing complexes is to be able to work over any commutative base ring K, or 
at least a sufhciently nice base ring, such as K = Z for instance. This seemingly 
innocent generalization turns out to be quite hard. The present paper is devoted to 
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solving it, by developing the technique of rigid complexes over commutative rings. 
The subsequent papers |YZ4| IYe4| will build on the foundations laid here, and 
will produce a comprehensive theory of dualizing complexes (including duality for 
proper morphisms) parallel to that of [RDJ, for finite type schemes over a regular 
finite dimensional commutative base ring K. 

It should be noted that the rigidity theory developed here is essential even when 
dealing with commutative algebras (or schemes) over a base field K. This is be- 
cause it enables the concept of relative rigid complex, with respect to a K-algebra 
homomorphism A B. 

For the rest of the introduction let us make the blanket assumption that all 
rings occurring arc commutative. As usual, by an algebra over a ring A we mean a 
ring B together with a ring homomorphism A ^ B. We denote by D(Mod B) the 
derived category of _B-modules. If B is noetherian then we also consider the full 
subcategory Dj (ModS) consisting of bounded complexes with finitely generated 
cohomologies. 

The difficulty in generalizing rigidity to an arbitrary base ring A shows up already 
in the definition of rigidity (Van den Bergh's rigidity equation). Let us first recall 
the original definition from [VdBj . Suppose A is a field, _B is a noetherian ^-algebra 
and M g Dj (Mod B). A rigidifying isomorphism for M is an isomorphism 

(0.1) p:M^ RHomB®^i3(S, M ®a M) 

in D(Mod B). The pair (M, p) is called a rigid complex over B relative to A. 

Now suppose A is any ring, and i? is a noetherian A-algebra which is not flat. 
Then in (l0TT|) we must replace M ®a M with M ®\M\hvii M ®\M usually is not 
a well-defined object in the derived category D(Mod B ®a B)... 

Our solution is to use differential graded (DG) algebras. Take any ring A and any 
A-algebra B. Choose some semi-free super-commutative non-positive DG algebra 
resolution B ^ B relative to A. (All necessary facts about DG algebras are either 
reviewed or proved in Section 1 of the paper.) Let M G D(Mod B). We prove that 
the complex 

Sq^/A := RHom^5^^^(B,Af ®\ M) e D(ModB) 

is independent of the resolution B ^ B. Moreover, 

Sqe/A ■■ D(ModB) ^ D(ModS) 

is a (nonlinear) functor. See Theorems 12.21 and 12.31 

We are now ready to define rigidity. Let A be a ring, let i? be a noetherian 
A-algebra and let M G Dj (Mod B). Assume M has finite flat dimension over A. 
(This latter condition is automatically satisfied if A is a regular ring.) Then, just 
like (|0.ip . a rigidifying isomorphism for M is an isomorphism 

p:M^ Sqe/A M 

in D(Mod B), and the pair (M, p) is called a rigid complex over B relative to A. 

Suppose we are given two rigid complexes {M,pm) and (A^, pjv) over B relative 
to A. A morphism cj) : M ^ N in D(Mod B) is said to be rigid relative to A if the 
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diagram 

M Sq^/A M 

is commutative. The category of such rigid complexes and rigid morphisms is 
denoted by D^(Mod B)rig/A- 

The foUowing rcsuh about rigid complexes explains their name. 

Theorem 0.2. Let A be a ring, let B be a noetherian A-algebra, and let {M,p) G 
D^{Mod B)j.ig/ji. Assume the canonical homomorphism B HomD(ModB)(-^j 
is bijective. Then the only automorphism of{M, p) in Df (Mod i?)rig/yi is the identity 
1m- 

This result is repeated as Theorem l4.4l in the body of the paper. The proof boils 
down to the the following fact: let : M ^ M be an isomorphism in D(Mod B), so 
(j) = blM for some invertible element b £ B. If </) is rigid then a calculation shows 
that b^ = b; and hence 6=1. 

We find it convenient to denote ring homomorphisms by /* etc. Thus a ring 
homomorphism f*:A—>B corresponds to a morphism of schemes / : Spec B — > 
Spec A. 

Let ^ be a noetherian ring. Recall that an A-algebra B is called essentially finite 
type if it is a localization of some finitely generated A-algebra. We say that B is 
essentially smooth (resp. essentially Stale) over A if it is essentially finite type and 
formally smooth (resp. formally etale). These concepts are studied in Section 3. 

Let A be a noetherian ring and /* : A — > i? an essentially smooth homomor- 
phism. Then f^^y^ is a finitely generated projective _B-module. Let Spec B — 
]Jj Spec Bi be the decomposition into connected components, and for every i let 
be the rank of fi^j We define a functor 

: D(ModA) ^ D(ModS) 

by 

i 

Recall that a ring homomorphism f* : A ^ B is called finite if i? is a finitely 
generated A-module. Given such a finite homomorphism we define a functor 

/ : D(ModA) ^ D(ModB) 

by 

fM := RHomA(B,M). 

Theorem 0.3. Let A be a noetherian ring, let B, C be essentially finite type 
A-algebras, let f* : B ^ C be an A-algebra homomorphism, and let [M, p) G 

rig/A - 

(1) ///* is finite and f^M has finite flat dimension over A, then f^M has an 
induced rigidifying isomorphism 

f\p):f'M^Sqc/Af'M. 



D^(ModB 
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The rigid complex f^{p){M, p) :— (/''Af, /^(p)) depends functorially on 
(Af, p) and on /*. 

(2) ///* is essentially smooth then f^M has an induced rigidifying isomorphism 

fi(p):fiM^Sqc/ApM. 

The rigid complex f'^{p){M, p) :— {f'^M, f\p)^ depends functorially on 
{M, p) and on /*. 

This result is included in Theorems 15.31 and 16.31 in the body of the paper. 
The next result is about tensor products of rigid complexes. 

Theorem 0.4. Let A he a noetherian ring, let B, C be essentially finite type A- 
algebras, let f* : B ^ C be an A-algehra homomorphism, and let {M,pm) S 
D^(Mod -B)rig/^ and {N,pi^) S Dj (Mod C)rig/s- Assume that the canonical homo- 
morphism B — > HomD(Mod_B)(-^-^j -^^) bijective. Then the complex M ®^ N is in 
D^(ModC), it has finite flat dimension over A, and it has an induced rigidifying 
isomorphism 

PM®PN-M®\N ^ Sqc/^(Af ®\ N). 
This is part of Corollary 14. 131 

So far we said nothing about existence of rigid complexes. We can do so under 
some extra hypothesis. 

Theorem 0.5. Let K 6e a regular noetherian ring of finite Krull dimension, and 
let A he an essentially finite type ¥^-algebra. Then A has a rigid complex {R, p) 
relative to K, such that the canonical homomorphism A HomD(ModA)(^7-R) 
bijective. 

This theorem is repeated as Theorem l6.16l in the body of the paper. Note that R 
is nonzero (if A ^ 0), and moreover, by Theorem 10. 21 the only rigid automorphism 
of {R, p) is the identity. The construction of the rigid complex (i?, p) is actually 
quite easy (given Theorem 10. 3p . 

The next theorem, which combines several results from our paper |YZ4j , gives a 
precise description of all rigid complexes in this situation. Recall that a dualizing 
complex jRDj is a complex R g D|'(ModA) which has finite injective dimension, 
and the canonical morphism A —>■ RHom/i(i?, R) is an isomorphism. 

Theorem 0.6 ( |YZ4j ) . Suppose K is a regular noetherian ring of finite Krull di- 
mension. Let A be an essentially finite type IK-algehra, such that Spec A is connected 
and nonempty. Then, up to isomorphism, the category D^(Mod A)i.ig/K has exactly 
two objects: the zero complex, and the nonzero rigid complex (i?, p) from Theorem 
10.51 Moreover, R is a dualizing complex over A. 

We find Theorem 10.61 verv surprising, and we do not understand its significance 
yet. Also we do not know whether a similar result holds in the noncommutative 
setup. 

To end the introduction let us mention a couple of other papers that approach 
Grothendieck duality in novel ways: [Ne| and |DGI| . 

Acknowledgments. The authors wish to thank Bernhard Keller for his generous 
help with differential graded algebras. We also wish to thank Luchezar Avramov 
and Michel Van den Bergh for useful discussions and valuable suggestions. We are 
grateful to the referee for reading the paper carefully and making several corrections. 



RIGID COMPLEXES VIA DG ALGEBRAS 



5 



Contents 

0. Introduction 1 

1. Differential Graded Algebras 5 

2. The Squaring Operation 

3. Essentially Smooth Homomorphisms 

4. Rigid Complexes 

5. Rigidity and Finite Homomorphisms 

6. Rigidity and Essentially Smooth Homomorphisms 
References 



1. Differential Graded Algebras 

This section contains some technical material about differential graded algebras 
and their derived module categories. There is some overlap here with the papers 
[FiJ] . [Ki] and [Bi] , 

A graded algebra A — said to be super-commutative if a-b — {—ly^b-a 

for all a £ and b € , and if a • a = whenever i is odd. (Some authors call 
such a graded algebra strictly commutative.) The graded algebra A is said to be 
non-positive if A* = for all i > 0. 

Convention 1.1. Throughout the paper all graded algebras are assumed by default 
to be non-positive, super-commutative, associative and unital. Homomorphisms of 
graded algebras are unital and have degree 0. 

Suppose A — > i? is a homomorphism of graded algebras. Then we say that B is 
a graded A-algebra. 

By differential graded algebra (or DG algebra) we mean a graded algebra A = 
A*, together with a derivation d : ^ — > ^ of degree 1 satisfying d o d = 0. 
Note that the graded Leibniz rule holds: 

d{ab) =d{a)b+{^iyad{b) 

for a £ and b £ A^ . The cohomology HA — ®j<o H^A is then a graded algebra. 

All rings in this paper are considered as DG algebras concentrated in degree 
(with zero differential); and in particular rings are assumed to be commutative. 

A DG algebra homomorphism u : A B is a homomorphism of graded alge- 
bras that commutes with d. It is a quasi-isomorphism if H(u) : HA HB is an 
isomorphism (of graded algebras). 

If A is a ring, B is a DG algebra, and we are given a DG algebra homomorphism 
A ^ B, then the differential d^ is necessarily A-linear. In this case we say that 
B is a DG A-algebra. If i? = i.e. _B is a ring too, then we say that B is an 
A-algebra. 

A differential graded (DG) A-module is a graded (left) A-module M = 0igx 
endowed with a degree 1 Z-linear homomorphism d : Af — > M satisfying d(am) = 
d(a)m -f (— l)*ad(m) for a G A* and m G IVP . Note that we can make M into a 
right DG A-module by the rule ma := (— l)'^am for a G and m € MK The 
category of DG A-modules is denoted by DGMod A. It is an abelian category whose 
morphisms are degree A-linear homomorphisms commuting with the differentials. 



6 



AMNON YEKUTIELI AND ,7AMES J. ZHANG 



There is a forgetful functor from DG algebras to graded algebras (it forgets the 
differential), and we denote it by A i-^ und A. Likewise for AI G DGMod A we have 
undM g GrMod(und A), the category of graded und A -modules. If A is a ring then 
a DG A-module is just a complex of A-modules. 

Given a graded algebra A and two graded A-modules M and N let us write 

Homz(M,Ar)'' := J]^ Homz;(M^ 7V^+'), 

the set of homogeneous Z-linear homomorphisms of degree i from M to A^, and let 
HomA(M, A^)' := 

{4> e Homz(Af, Nf I 0(am) = {-if^ a(t){m) for all a £ and m e M}. 

Then 

(1.2) HomA(Af,iV) :=0^^^Hom^(M,iV)* 

is a graded A-module, by the formula {a<j)){m) :— acjiim) = {—ly^ (j){am) for a G A^ 
and e HomA(M,7V)*. Cf. |ML, Chapter VI]. The set HomA(M,7V) is related to 
the set of A-linear homomorphisms M ^ N as follows. Let's denote by ungr the 
functor forgetting the grading. Then the map 

$ : HomA (A/, N) Homungr A (ungr AI, ungr N) , 

defined by $((/))(m) := (— l)*^0(m) for e IIomyi(Af, iV)* and m e AP, is ungr A 
-linear, and $ is bijective if Af is a finitely generated A-module. 

For a DG algebra A and two DG A-modules AI, N there is a differential d 
on Homundyi(und A/, undiV), with formula d(0) := d o — (— 1)*(/) o d for of 
degree i. The resulting DG A-module is denoted by Homyi(Af, iV). Note that 
HomDGModyi(Af, ^) coincides with the set of 0-cocycles of Hom^(Af, N). Two ho- 
momorphisms 0Oj0i G HomoGMod a(A^, ^) are said to be homotopic if (po — — 
d{ip) for some ip £ Hom^(Af, A^)^^. The DG modules AI and iV are called homotopy 
equivalent if there are homomorphisms (p : AI ^ N and ip : N AI in DGModA 
such that Tpocj) and (/ioi/j are homotopic to the respective identity homomorphisms. 

Suppose A is a ring and B, C are two DG A-algebras. Then B ®a C is also a 
DG A-algebra; the sign rule says that 

(&i ® ci) • (&2 ® C2) := (-l)'^'6i62 8) C1C2 

for ci S and 62 G -B*. The differential is of course 

d(6 (g) c) d(6) (g) c + (-1)'^ ® d(c) 

for h&B\ If Af G DGMod B and TV G DGMod C then M^aN £ DGMod S (g^ C. 
If iV G DGMod B then M®bN, which is a quotient of M®aN, is a DG _B-module. 

Let ^ be a DG algebra. Since A is non-positive one has d(A°) = 0; and therefore 
the differential d : A^* ^ A//'+^ of any DG A-module AI is yl°-linear. This easily 
implies that the truncated objects 

T^^AI :=(... ^ Coker(Af*-i ^ M') M''+^ ^ ■ • • ) 

(1.3) and 

r^'Af := ( > AP-^ -> Ker(Ar ^ A/'+i) ^ ^ ■ • • ) 

are DG A-modules. 
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There is a derived category obtained from DGMod A by inverting the quasi-iso- 
niorphisms, which we denote by D(DGMod A). See |Ke| for details. Note that in 
case A is a ring then DGMod A = C(Mod A), the abeUan category of complexes of A- 
modules, and D(DGMod A) = D(Modv4), the usual derived category of A-modules 
(as in [;RD| or [KS]). 

In order to derive functors one has several useful devices. A DG A-module P is 
called K-projective if for any acyclic DG ^-module TV the DG module Hom^(P, N) 
is acyclic. (This name is due to Spaltenstein |Sp| . Keller [Kej uses the term "prop- 
erty (P)" to indicate K-projective DG modules, and in [AFlT the authors use 
"homotopically projective". See also |Hi|.) Similarly one defines K-injective and 
K-flat DG modules: / is K-injective, and F is K-flat, if Hom^(iV, /) and F®aN are 
acyclic for all acyclic N . It is easy to see that any K-projective DG module is also 
K-flat. Every two objects M,N € DGMod A admit quasi-isomorphisms P M, 
N I and F — * M, with P K-projective, / K-injective and F K-flat. Then one 
defines 

RHomA(A/,7V) := HomA(P,iV) = HomA(A/,/) G D(DGModA) 

and 

M®\N -.^ F(^aN e D(DGMod A). 

When A is a usual algebra, any bounded above complex of projective (resp. flat) 
modules is K-projective (resp. K-flat). And any bounded below complex of injective 
A-modules is K-injective. A single yl-module Af is projective (resp. injective, resp. 
flat) iff it is K-projective (resp. K-injective, resp. K-flat) as DG A-module. 

The following useful result is partly contained in [Hi] , |Kej and [KM| . 

Proposition 1.4. Let A ^ B be a quasi-isomorphism of DG algebras. 

(1) Given M G D(DGMod A) and N e D(DGModi?), the canonical morphisms 
M B®\M and B^^^N — ^ N are both isomorphisms. Hence the "restric- 
tion of scalars" functor D(DGModi?) D(DGMod A) is an equivalence. 

(2) Let M,N G D(DGMod_B). Then there are functorial isomorphisms M ®^ 
N^M(E)\N and RRouiB {M, N) ^RRom a{M,N) in D(DGModA). 

Proof. (1) Choose K-projective resolutions P ^ M and Q ^ N over A. Then 
M B (8)^4 M becomes P = A (E)a P B (E)a P, which is evidently a quasi- 
isomorphism. On the other hand B N ^ N becomes B ®a Q ^ Q', which is a 
quasi-isomorphism because so is A (^a Q B ®a Q- 

(2) Choose K-projective resolutions P M and Q ^ N over A. We note that 
B ®aP and B ®aQ are K-projective over B, and B®aP^M,B®aQ^N 
are quasi-isomorphisms. Therefore we get isomorphisms in D(DGMod A): 

M ®\ N = {B ®A P) ®B (B ®A Q)^ {B ®aP)®aQ^ P ®aQ ^ M ®\ N. 

The same resolutions give 

RHomB(A/, N) = Horns (B ®a P, N) ^ Rom a{P, N) = RHomA(A/, N). 

□ 

There is a structural characterization of K-projective DG modules, which we 
shall review (since we shall elaborate on it later). This characterization works in 
steps. First one defines semi-free DG A-modules. A DG ^-module Q is called 
semi-free if there is a subset X C Q consisting of (nonzero) homogeneous elements. 
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and an exhaustive non-negative increasing filtration {FiX}i£z of X by subsets (i.e. 
F-iX = and X = [J EiX), sucli that und Q is a free graded undvl -module with 
basis X, and for every i one has d{FiX) C J2x(£Fi-iX "^^^ called a 

semi-basis of Q. Note that X is partitioned into X — Yli^i, -^i^ where Xi := XflQ*. 
We call such a set a graded set. Now a DG A-module P is K-projective iff it is 
homotopy equivalent to a direct summand (in DGModA) of some semi-free DG 
module Q. See |AFH| or [Kej for more details and for proofs. 

A free (super-commutative, non-positive) graded Zi-algebra is a graded algebra 
of the following form. One starts with a graded set of variables X = Ui<o -^i'^ 
elements of Xi are the variables of degree i. Let Xcv ■= Ui ovon"'^* ^^'^ ^odd ■— 
Ui odd "^i- Consider the free associative Z-algebra on this set of variables. Let 
/ be the two-sided ideal of Z(X) generated by all elements of the form xy—{—iy^yx 
or 2^, where x € Xi, y G Xj, z G Xk, and k is odd. The free super-commutative 
graded Z-algebra on X is the quotient Z[X] := 'E{X)/I. It is useful to note that 

Z[X] =Z[Xev] ®zZ[Xodd], 

and that Z[Xov] is a commutative polynomial algebra, whereas Z[Xodd] is an exte- 
rior algebra. 

Definition 1.5. Suppose A ^ _B is a homomorphism of DG algebras. B is called 
a semi-free (super-commutative, non-positive) DG algebra relative to A if there is 
a graded set X = Y[i<o ^i-i ''■'^^ isomorphism of graded und A -algebras 

(und A) ®z Z[X] undS. 

Observe that the DG algebra B in the definition above, when regarded as a DG 
A-module, is semi-free with semi-basis consisting of the monomials in elements of 
X . Hence B is also K-projective and K-flat as DG ^-module. 

Definition 1.6. Suppose A and B are DG algebras and u : A ^ B is a. homomor- 
phism of DG algebras. A semi-free {resp. K-projective, resp. K-flat) DG algebra 

resolution of B relative to A is the data A ^ B ^ B, where i? is a DG K-algebra, 
u and V are DG algebra homomorphisms, and the following conditions are satisfied: 

(i) V o u = u. 

(ii) ti is a quasi-isomorphism. 

(iii) u makes B into a semi-free DG algebra relative to A (resp. a K-projective 
DG A- module, resp. a K-flat DG ^-module). 

We also say that A ^ _B _B is a semi-free {resp. K-projective, resp. K-flat) DG 
algebra resolution of A ^ B. 

B 

U ^ ^ V 



Proposition 1.7. Let A and B be DG algebras, and let u : A ^ B be a DG algebra 
homomorphism. 

(1) There exists a semi-free DG algebra resolution A ^ B ^ B of A ^ B. 

(2) Moreover, if HA is a noetherian algebra and HB is a finitely generated tlA 
-algebra, then we can choose the semi-free DG algebra B in part (1) such 
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that und-B = (und A) (giz as graded undA -algebras, where the graded 
set X = U j<o -^i finite graded components Xi . 
(3) //HA is a noetherian algebra, B is a ring, and B = Yi^B is a finitely gen- 
erated a^A -module, then there exists a K-projective DG algebra resolution 
A^ B ^ B ofA^B, such that undB ^ 0°=_^ und as graded 

und A -modules, and the multiplicities in are finite. 

Proof. (1) We shall construct B as the union of an increasing sequence of DG 
algebras FqB C FiB C ■ ■ ■ , which will be defined recursively. At the same time we 
shall construct an increasing sequence of DG algebra homomorphisms A FiB 
B, and an increasing sequence of graded sets FiX C FiB. The homomorphism v 
will be the union of the Vi, and the graded set X = Uj<o -^j ^'^^ union of 

the sets F^X. For every i the following conditions will hold: 

(i) H(wi) : H(i^i_B) H_B is surjective in degrees > —i. 

(ii) H(wi) : H(Fi_B) H_B is bijcctivc in degrees > — i + 1. 

(iii) FiB = A[FiX], d{F,X) C Fi_iB and und i^iS ^ (und A) ®z ^F.X]. 

We start by choosing a set of elements of B*^ that generate Y^^B as -algebra. 
This gives us a set of elements of degree with a function '■ -'^o ^ B^ . 
Consider the DG algebra Z[Xo] with zero difi'erential; and define FqB := A®z'^[Xq\. 
Also define FqX := Xq. We get a DG algebra homomorphism vq : FqB B, and 
conditions (i)-(iii) hold for i = 0. 

Now assume i > 0, and that for every j < iwe have DG algebra homomorphisms 
Vj : FjB ^ B and graded sets FjX satisfying conditions (i)-(iii). We will construct 
Fi+iB etc. 

Choose a set Y-_^_.^ of elements (of degree —i — 1) and a function Vi+i : Y-_^.^ 
B~^~^ such that {vi+i{y) \ y £ i^+i} is a set of cocycles that generates H~'~^B as 
H°A-module. For y e define d{y) := 0. 

Next let 

J,+i ~ {b G {F,B)-' I d(&) = and H-*(«,)(&) = 0}. 

Choose a set Fj" ^ of elements (of degree —i — 1) and a fmiction d : F/^^ Jj+i 
such that {d(y) | y G Fj" is a set of elements whose images in H~*FjB generate 
Ker(H-*(wi) : R-'FiB R-'B) as H"yl-module. Let y e F/^i- By definition 
Vi{d{y)) = d{b) for some b G B~^; and we define Vi+i{y) b. 

Let Yi+i := r/^iUF/li and Fi+iX := FiXUY^+i. Define the DG algebra Fi+iB 
to be 

Fi+iB := FiB ®z Z[r,+i] 

with differential d extending the difi^erential of FiB and the function d : Yi^i FiB 
defined above. 

(2) This is because at each step in (1) the sets Yi can be chosen to be finite. 

(3) Choose elements bi, . . . ,bm & B that generate it as A°-algebra. Since each bi is 
integral over ^4", there is some monic polynomial Pi{y) G A'^[y] such that Pi{bi) = 0. 
Let yi, . . . ,ym be distinct variables of degree 0. Define Yq := {yi, . . . , y^} and 
B^ := A^[Yo]/(^pi{yi), . . . ,Pm{ym))- This is an A°-algebra, which is a free module 
of finite rank. Let vo : B^ ^ B he the surjective A^-algebra homomorphism yi i-^ bi. 
Define FqB := A (8)^o B'^ and FqX := 0. Then conditions (i)-(ii) hold for i = 0, as 
well as condition (iii') below. 
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(iii') F,B = A[Yo U F^X], d{F^X) C and 

nnd FiB ^ (undA) 0^0 A°[F^X] B^. 

For i > 1 the proof proceeds as in part (1), but always using condition (iii') 
instead of (iii). □ 

Proposition 1.8. Suppose we are given three DG algebras A,B,B'; a ring B; 
and five DG algebra homomorphisms u, u, u' , v, v' such that the first diagram below 
is commutative. Assume that v' is a guasi- isomorphism, and B is semi-free DG 
algebra relative to A. Then there exists a DG algebra homomorphism w : B B' 
such that the second diagram below is commutative. 





Proof. By definition there is a graded set X — Y[i<o -^i such that und B ^ 
(undi) ®z Let's define F,X := [jjy_,Xj and FiB A[F,X] C B. We 

shaU define a compatible sequence of DG algebra homomorphisms vui : FiB — s- B' , 
whose union will be called w. 

For i — we note that v' : B'^ B is surjective. Hence there is a function 
Wo : -'^o ^ B"^ such that v'{wo{x)) = v{x) for every x £ Xq. Since FqB = 
A '^[Xq] and d{wo{Xo)) = we can extend the function wq uniquely to a DG 
algebra homomorphism wq : FqB B such that wq o u = u' . 

Now assume that i > and m; : F^B — > B' has been defined. Let Yi^i := 
Fi+iX — FiX. This is a set of degree —i — 1 elements. Take any y G Fi+i. Then 
d{y) e {FiB)-\ and we let b := Wi{d{y)) G B'-\ Because Hi? ^ HB' = B there 
exists an element c e B'^^^^ such that d(c) = b. We now define Wi+i{y) := c. The 
function w^+i : Y^+i — > _B'^'^^ extends to a unique DG algebra homomorphism 
Wi^i : Fi^iB B' such that Wi^i\p = Wi. □ 

A homomorphism A A' between two rings is called a localization if it induces 
an isomorphism S^^A ^ A' for some multiplicatively closed subset S C A. We 
then say that A' is a localization of A. 

Suppose ^ is a noetherian ring. An A-algebra B is called essentially of finite 
type if S is a localization of some finitely generated ^-algebra. Such an algebra B 
is noetherian. If C is an essentially finite type i3-algebra then it is an essentially 
finite type ^-algebra. 

Proposition 1.9. Let A be a noetherian ring, and let B be an essentially finite type 
A-algebra. Then there is a DG algebra quasi-isomorphism B ^ B such that B^ is 
an essentially finite type A-algebra, and each B^ is a finitely generated B^ -module 
and a flat A-module. In particular B is a K-flat DG A-module. 

Proof. Pick a finitely generated A-algebra Bf such that S^^Bf = B for some mul- 
tiplicatively closed subset S C Bf. According to Proposition I1.7r 2') we can find 
a semi-free DG algebra resolution Bi Bf where Bf has finitely many algebra 
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generators in each degree. Let S C he the pre-image of S under the surjection 
SfO Bf. Now define B {S-^B^)(E)go Bf. □ 

Corollary 1.10. Let B be an essentially finite type A-algebra, and let B ^ B be 
any K-flat DG algebra resolution relative to A. Then lP{B (S)a B) is an essentially 
finite type A-algebra, and each W{B ®a B) is a finitely generated H*'(_B ®a B)- 
module. 

Proof. Using Proposition 11.81 and passing via a semi-free DG algebra resolution, 
we can replace the given resolution i? — > i? by another one satisfying the finiteness 
conditions in Proposition II. 91 Now the assertion is clear. □ 

Let M be a graded module. The amplitude ampM e N U {oo} is defined as 
follows: if M is nonzero and bounded then 

amp M ■= max{i e Z | M' ^ 0} - min{i G Z | KP ^ 0}. 

If M is unbounded then ampM := oo, and if M ~ then amp A/ := 0. 

Now let A be a DG algebra with HA bounded, and let M be a DG A-module. 
The flat dimension flat.dim^ M G N U {oo} is defined as follows: 

fiat.dim^ M := 

inf {d e N I ampH(Af ®^ N) < d + ampHiV for aU N e DGModA}. 

Observe that M has finite fiat dimension if and only if the functor M — is 
way out on both sides, in the sense of [RD[ Section 1.7]. Also, if M has finite 
fiat dimension then HM is bounded (take iV := A). Similarly one can define 
the projective dimension proj.dim^M of a DG ^-module M, by considering the 
amplitude of H RHom^ (M, N) . For a ring A and a usual module M the dimensions 
defined above coincide with the usual ones. 

Remark 1.11. Our definition of fiat dimension and projective dimension for DG 
modules differs from that of other authors, e.g. [FIJ| . 

Proposition 1.12. Let A be a ring, let B and C be DG A-algebras, L € DGMod B, 
M G DGMod B ®A C and N G DGMod C . There exists a functorial morphism 

tp : RHomB(L, M) (g)^, N RHomi3(L, M (g)^ N) 

in D (DGMod Bi^aC). If conditions (i), (ii), and (iii) below hold, then the morphism 
tp is an isomorphism. 

(i) H^'S is noetherian, HL is bounded above, and each of the H^B -modules 
WB and WL are finitely generated. 

(ii) HM is bounded below, and HiV is bounded. 

(iii) Either (a), (b) or (c) is satisfied: 

(a) H*_B = for all i 0, and L has finite projective dimension over B. 

(b) H*C = for all i ^ 0, and N has finite flat dimension over C . 

(c) WC — for all i 7^ 0, H'^C is noetherian, each WN is a finitely gen- 
erated module over iPC, the canonical morphism C —>■ RHomc(Af, N) 
is an isomorphism, and both M and RHomB(L,M) have finite flat 
dimension over C. 
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Proof. The proof is in five steps. 

Step 1. To define ip we may choose a K-projective resohition P ^ L over B, and a 
K-flat resolution Q ^ N over C. There an obvious homomorphism of DG B C 
-modules 



In the derived category this represents tp. 

Step 2. To prove that ?/; is an isomorphism (or equivalently that ^p^q is a quasi- 
isomorphism) we may forget the B ®a C -module structures, and consider ■0 as a 
morphism in D(Modyl). Now by Proposition ll.4f 2) we can replace B and C by 
quasi-isomorphic DG A-algebras. Thus we may assume both B and C are semi-free 
as DG A-modules. 

Step 3. Let's suppose that condition (iii.a) holds. So -B — ^ H°i? is a quasi- 
isomorphism. Since C is K-flat over A it follows that B ®a C ^ H°_B ®a C is also a 
quasi-isomorphism. By Proposition 11.41 we can assume that L € DGModH'^B and 
M G DGMod(H°i? (E)A C), and that L has finite projective dimension over if'B. So 
we may replace B with if'B, and thus assume that i? is a noetherian algebra. 

Now choose a resolution P ^ L, where P is a bounded complex of finitely 
generated projective B-modules. Take any K-flat resolution Q ^ N over C. Then 
the homomorphism ipp^Q is actually bijective. 

Step 4. Let's assume condition (iii.b) holds. As in step 3 we can suppose that 
C = C". Choose a bounded resolution Q — > TV by flat C-modules. By replacing M 
with the truncation t-^°M for some jo ^ 0, we may assume M is bounded below. 
According to [AFHi Theorem 9.2.7] we can find a semi-free resolution P ^ L over B 
such that und P ~ ®iL-oo ^^^^ B[—i]'^^ with all the multiplicities finite. Because 
the fii are finite, M is bounded below and Q is bounded, the homomorphism '>pP,Q 
is bijective. 

Step 5. Finally we consider condition (iii.c). We can assume that C = C° is 
noetherian. Since N £ Df (Mod C) and RHomc(A^, N) = C we see that the support 
of N is SpecC. By Lemma [1.131 below we conclude that N generates D+(Mod C). 
Let 

V'' : RHomc(iV,RHomB(L,M) 0^ N) -> RUomc{N,RRomB{L, M ®^ N)) 

be the morphism obtained from ip by applying the functor URomdN, —). Since tp 
is a morphism in □"'"(Mod C), in order to prove it is an isomorphism it suffices to 
prove that ip' is an isomorphism. 

Consider the commutative diagram of morphisms in D(Mod C) 



in which a and (3 are the obvious morphisms. We shall prove that a and (3 are 
isomorphisms. The complex RHomB(L,M) has finite flat dimension over C, so 



using the proposition with condition (iii.b), which we already proved, we have 
RHomc(iV, RHomB(L, M) ®^ N) = RHomc(Af, N) ®^ RHoms(L, M) 

^ RHoms(L, Af). 



iPp^q : HoniB(P, M) ®c Q ^ HomB(P, M (g)c Q). 




RIGID COMPLEXES VIA DG ALGEBRAS 



13 



But the composed isomorphism is precisely a. On the other hand the complex M 
has finite flat dimension over C, so using the proposition with condition (iii.b) once 
more (for the isomorphism marked o), we have 

RHomc (A^, RHoms (L, M ^)) - RHoms (L, RHomc(iV, M ®\; N)) 

G^^^ RHomB(L, M ®^ RHomc(iV, N)) = RHomB(i, M). 

Here the composed isomorphism is /?. □ 

Let C be a noetherian ring. Recall that given a complex N G D^(ModC) its 
support is defined to be IJ,- Supp H*iV C Spec C. The complex N is said to generate 
D+(Mod C) if for any nonzero object M e D+(Mod C) one has RHomc(A^, M) 7^ 0. 

Lemma 1.13. Suppose C is a noetherian ring and N e Dj (ModC) is a complex 
whose support is SpecC. Then N generates D+(Mod C). 

Proof. Suppose M is a nonzero object in D+(ModC). We have to prove that 
RHomc(-/V, M) ^ 0. Let io := min{i g Z | WM / 0}, and choose a nonzero finitely 
generated submodule M' C H^^M. Let p be a minimal prime ideal in the support 
of M'; so that Mp := Bp (®c M' is a nonzero finite length module over the local ring 
Cp. Now A^p is a nonzero object of D^(Mod Cp). Let ji := max{j e Z | WNp ^ 0}. 
Since W^Np is a nonzero finitely generated i3p-module, there exists a nonzero 
homomorphism : H-^^A^p M^. This (j) can be interpreted as a nonzero element 

ofExtg;^n^P,Mp)- 

Finally, by Proposition 11.121 under its condition (iii.b) - whose proof does not 
rely on this lemma - we have an isomorphism 

Extg^"^'^ (A^p, Mp) ^ Cp ®c Ext^"^'^ {N, M). 

□ 

Remark 1.14. Assume A is noetherian. Proposition 11.121 can be extended by 
replacing conditions (iii.a) and (iii.b) respectively with: (iii.a') Hi? is a bounded 
essentially finite type A-algebra, and L has finite projective dimension over B; and 
(iu.b') HC is a bounded essentially finite type A-algebra, H7V is a finitely generated 
HC -module, and A^ has finite flat dimension over B. The trick for (iii.a') is to 
localize on SpecH^B and to look at minimal semi-free resolutions of L. This trick 
also shows that flat.dims L = proj.dim^ L. Details will appear elsewhere. 

2. The Squaring Operation 

In this section we introduce a key technical notion used in the definition of 
rigidity, namely the squaring operation. This operation is easy to define when the 
base ring is a field (see Corollarv l2.8p . but otherwise there are complications, due 
to torsion. We solve the problem using DG algebras. 

Recall that for a DG algebra A the derived category of DG modules is denoted 
by D(DGMod A). If yl is a ring then D(DGMod A) = D(Mod A). 

Let A he a. ring, and let M S D(Mod A). As explained earlier the derived tensor 
product M®\M e D(Modyl) is defined to be M(g)J^M := M^^M, where M ^ M 
is any K-flat resolution of M . If M G DGMod B for some DG A-algebra B, then we 
would hke to be able to make M ®\M into an object of D(DGMod B ®a B). But 
this is not always possible, at least not in any obvious way, due to torsion. (For 
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instance take A := Z and M ~ B Z/(2)). Fortunately there is a way to get 
around this problem. 

Recall that a semi-free DG A-algebra B is also semi-free as DG A-module, and 
hence it is a K-flat DG A-module. Thus Proposition 11.71 implies that there exist 
K-flat DG algebra resolutions A^B^BoiA^B. 

Lemma 2.1. Let A he a ring and B a DG A-algehra. Suppose A ^ B ^ B 
is any K-flat DG algebra resolution of A B . Then the (non- additive) functor 
D(DGModB) ^ D(ModA), M M (g)\ M, factors canonically through 

D(DGModS (8)A B). 

Proof. Choose any quasi-isomorphism M M in DGMod B with M K-flat over A. 
This is possible since any K-flat DG _B-module is K-flat over A. We get M(^\M — 
M(g)AM &D{DGModB(g)AB). □ 

Theorem 2.2. Let A be a ring, let B be a A-algebra and let M be a DG B -module. 
Choose a K-flat DG algebra resolution A ^ B ^ B of A—t B. Then the object 

Sq^/^M :=RHom^^^^(B,M(g)j4M) G D(ModB), 

where the B-module structure is via the action on the first argument o/ RHom, is 
independent of the choice of resolution A ^ B ^ B . 

The functorial property of the assignment M t-^ ^<Ib/a ^ stated in Theorem 
O below. 

Proof. The idea for the proof was communicated to us by Bernhard Keller. Choose 
some semi-free DG algebra resolution A^B'^BoiA^B (see Proposition 
II. 7p . We will show that there is a canonical isomorphism 

RHom^^^^Ci?, M ®L M) ^ RRom^,^^B,iB, M m) 

in D(ModS). 

Let us choose a K-projective resolution M M over B, and a K-injective 
resolution M ®a M ^ L over B ®a B. So 

RHom3^^^3(S,M ®\ M) = Hom5^^5(B,/). 

Likewise let's choose resolutions M' M and M' ®aM' /' over B' and B'^aB' 
respectively. 

By Proposition II. 81 there is a DG algebra quasi-isomorphism uq : B' ^ B that's 
compatible with the quasi-isomorphisms to B. By the categorical properties of 
-fsT-projective resolutions there is an i?'-linear quasi-isomorphism 0o : M' M, 
that's compatible up to homotopy with the quasi-isomorphisms to M. We obtain 
an 13' ®A B' -linear quasi-isomorphism 4)q ® (fio ■ M' 0^ M' M ®a M . Next 
by the categorical properties of i^T-injective resolutions there is an B' B' -linear 
quasi-isomorphism ipQ : 1 ^ 1' that's compatible up to homotopy with the quasi- 
isomorphisms from M' (i)A M' . We thus get an i?-linear homomorphism 

Xo : Romg^^giBJ) -> Rom^,^^g,{B, L'). 

Proposition II .41 shows that xo is in fact an isomorphism in D(Modi5). 



RIGID COMPLEXES VIA DG ALGEBRAS 



15 



Now suppose ui : B' ^ B, <pi : M' M and ipi : I ^ I' are other choices of 
quasi-isomorphisms of the same respective types as uo, and ipo- Then we get an 
induced isomorphism 

Xi ■■ Rouig^^giBj) Homs,^^s,(B,/') 

in D(Mod B). Wc shall prove that xi = Xo- 

Here we have to introduce an auxiliary DG A-module C(M), the cylinder module. 
As graded module one has 



M M[-l] 
M 



C(M) := 

a triangular matrix module, and the differential is 



mo n 

TOl 



d(mo) mo — m,i — d(n) 
d(mi) 



for mo, nil, n € M. There are DG module quasi-isomorphisms e : M 
r]o,r]i : C(M) — > M, with formulas 



C(M) and 



e(m) := 



m 
m 



and r]i ( 



mo n 
mi 



The cylinder module C(M) is a DG module over B by the formula 



mo 


n 




amo 


an 





mi 







ami 



a • 



There is a quasi-isomorphism of DG B-modules 

'M M[-l] 
M 



C(M) 



which is the identity on the diagonal elements, and the given quasi-isomorphism 
M — > M in the corner. The two S'-linear quasi-isomorphisms and (t^i St into an 
B'-linear quasi-isomorphism 



[00 ] 



M M[-l] 
M 



<Po 
<t>i 



to a quasi-isomorphism 



Since M' is K-projective over B' we can lift 

M' C(M) such that rji o 4) = (fn up to homotopy. 

Let's choose a K-injective resolution C(M) ®a C(M) — > iiT over B ®a B. Then 
for i = 0, 1 we have a diagram 



Pi 



M' ®A M' 



> C(M) ®A C(M) M ®A M 



that's commutative up to homotopy. Here i]j and Pi arc some DG module homo- 
morphisms, which exist due to the K-injectivity of /' and K respectively. Because 
(pi <Si (f)i = {r]i <8) r/i) o (g) (/)) up to homotopy, and /' is K-injective, it follows 
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that the B' (Eia B' -hnear DG module quasi-isomorphisms ip o (3i and are homo- 
topic. Therefore in order to prove that xo = Xi it suffices to prove that the two 
isomorphisms in D(Modi3) 

e^,ei : Rouig^^giBj) }iomg^^g{B,K), 

that are induced by /3oj/3i respectively, are equal. 
For i = 0,1 consider the diagram 



M (g)A M C(M) (g)A C(M) - — ^ M®aM 

where 7 is some B ®a B -linear DG module homomorphism, chosen so as to make 
the left square commute up to homotopy. As before, since (?7i®?7i)o(e(8)e) = "^m^aM 
it follows that 7 o /3j and 1/ are homotopic. Hence both and 61 are inverses of 
the isomorphism 

in D(Mod B) induced by 7, so 6*0 = 9i. □ 

Suppose we are given a DG algebra homomorphism Bi ^ B2', objects Li, Mi G 
DGMod Bi; and homomorphisms : L2 ^ Li and (p : AIi ^ M2 in DGMod Bi. We 
then denote by 

: HomBi(Li, Afi) llomB2{L2, M2) 
the homomorphism % i-^ o x o V"- The same notation will be used for morphisms 
in derived categories. 

Theorem 2.3. Let A be a ring, let B and C be A-algebras, let M e D(Modi?) and 

N G D(Mod C). Let u : B ^ C be a A-algebra homomorphism, and let p : N M 
be a morphism in D(Mod-B). Suppose A ^ B ^ B is a K-projective DG algebra 
resolution of A B, and B C C is a K-projective DG algebra resolution of 
B ^ C. Define a morphism 

in D(Mod B) by the formula 

S<lu/Ai<P) ■■= (u, (p®^')- RHom^^^^(C, N ®\ N) 

~^miov^g^^s{B,M®\M). 

Then the morphism Sq„/^(0) is independent of the resolutions A ^ B ^ B and 
B^C^C. 

The existence of these DG algebra resolutions is guaranteed by Propositions II. 71 
andO 

Proof. Let's start by making the morphism {u, (j)(S> 4>) explicit. Note that C is also 
K-projective relative to A, so it may be used to calculate Sq^/^iV. Let's choose 
DG module resolutions M M, N N , M ®a M ^ I and N ®a N ^ J hy 
K-projective or K-injective DG modules over the appropriate DG algebras, as was 
done in the proof of Theorem 12.21 Since TV is a K-projective DG B-module we get 
an actual DG module homomorphism (j> : N ^ M representing (j>. Therefore there 
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is an B (^a B -linear DG module honiomorphism (j) ® (f) : N ®a N M ®a M . 
Because / is K-injective we obtain a DG module homomorphism il) : J ^ I lifting 

N ®A N Jt^^-^ M ®A M i. In this way we have obtained a homomorphism 



Horn; 



siBj) 



in DGModS, which represents Sq„/^(0) once we pass to D(Modi?). 

Any other choices of K-projective and K-injective DG module resolutions, and 
of the DG module homomorphisms (j) and ip^ would yield a homomorphism that is 
homotopy equivalent to {u,ip). So the resulting morphism Sq„/^(0) in D(Modi?) 
will be unchanged. 

It remains to prove Sq„y^((/)) is independent of the choice of DG algebra res- 
olutions. Suppose we choose a semi-free DG algebra resolution A ^ B' ^ B oi 

A ^ B, and a semi-free DG algebra resolution B' ^ C" ^ C of B' — > C. Af- 
ter choosing DG module resolutions M' M, N' ^ N, M' ®a M' I' and 
N' ®A N' — > J' by K-projective or K-injective DG modules over the appropriate 
DG algebras, we obtain a homomorphism ip' : J' ^ I' of DG B' ®a B' -modules, 
and morphism 

S<lu/Ai<l>) ■■= i^,^') ■■ Hom^,^^^,(C, J') ^ Rom^,^^s,{B,P) 
in DGModB. 

Applying Proposition 11.81 twice we can find DG algebra homomorphisms vq and 
Wo such that the diagram of DG algebra homomorphisms 



(2.4) 



B' 

4 



^B 

4 



^B 



is commutative. As in the proof of Theorem l2.2l we pick quasi-isomorphisms 
I ^ I' and tpNfi ■ J J' over B' (S)a B' and C' (S)a C' respectively. Then we get a 
commutative up to homotopy diagram 



b{B,I) 



Xm,q 



¥ Hom^,^ 



(C, J) > Hom^,, 



B'iBJ') 



in DGModS, where the horizontal arrows are quasi-isomorphisms. If we were to 
choose another pair of DG algebra quasi-isomorphisms vi : B' ^ B and Wi : C" — > 
C so as to make diagram 12.41 commutative, then according to Theorem 12.21 there 
would be equalities xm.o — Xm,i and xn.o — Xn.i of isomorphisms in D(Mod-B). 
Therefore Sq^j/^(0) = Sq„/^(0) as morphisms in D(Modi?). □ 

Corollary 2.5. Let A be a ring, let B, C, D be A-algebras, let M e D(Mod B), N e 
D(ModC) and P G D(ModZ)). Let B ^ C ^ D be A-algebra homomorphisms, 
let (j) : N ^ AI he a morphism in D(Mod B), and let ^ : P N is a morphism in 
D(Mod C). 

(1) There is equality 

Sq«o«M(0 o V') = Sq„/^(0) o Sq„/^(V') 
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in HoniD(ModB)(Sqc/A^>Sqs/A^^)- 
(2) If B ^ C , M ^ N, u = \b o,nd (f> = 1m {the identity morphisms) , then 

Proof. (1) Just choose a K-projective DG algebra resolution C ^ D ^ D oi 
C D, and use the fact that 

(u o u, (0 o -0) (g) ((/) o -(/;)) = [u.cj) ® cf)) o [v, 2p -0). 

(2) Clear from the definitions. □ 

For the identity homomorphism 1b '■ B ^ B we write S^b/aW •= Sqi^/^(0). 

Definition 2.6. Let A be a ring and let B be an A-algebra. The (nonlinear) 
functor 

SqB/A ■ D(ModS) ^ D(ModB) 
from Theorems 12.21 and 12.31 is called the squaring operation over B relative to A. 

The next result explains the name "squaring" . 

Corollary 2.7. In the situation of Theorem 12.31 let c ^ C . Then 

Sq„/A(c0) = Sq„/^(0). 

Proof. It suffices to consider u — Ic : C C and — 1^ : N N . Choose any 
lifting of c to c G C°. Then multiplication by c (g) c on J has the same effect on 
Homp^^(=,(C, J), up to homotopy, as multiplication by on C . □ 

Corollary 2.8. Suppose B is a flat A-algebra, and M is a bounded above complex 
of B -modules that are flat as A-modules. Then there is a functorial isomorphism 

SqB/A M = RHomsg3^s(B, M ®a M). 

Proof. This is because B and M are K-flat DG A-modules. □ 

Remark 2.9. One might be tempted to use the notation RHom^^L5(i?, M®\M) 
instead of Sq^y^M. Indeed it is possible to make sense of the "DG algebra" 
B®\ B, as an object of a suitable Quillen localization of the category of DG A- 
algebras. Cf. [Hij and |Ta| . and also |Qu| , where an analogous construction was 
made using simplicial algebras rather than DG algebras. Then one should show 
that the triangulated category "D(DGModi? ^\ B)" is well-defined, etc. See also 
[Drl Appendix V]. 

3. Essentially Smooth Homomorphisms 

From here on all rings are by default noetherian. We shall use notation such as 
f* : A ^ B for a ring homomorphism; so that / : Spec B — > Spec A is the corre- 
sponding morphism of schemes. This will make our notation for various functors 
more uniform. For instance restriction of scalars becomes /* : Mod S — > Mod A, 
and extension of scalars (i.e. M ^ B ®a M) becomes /* : Mod A — > Mod B. See 
also Definitions 15.11 and 16.21 Given another algebra homomorphism g* : B ^ C we 
shall sometimes write (/ o g)* := g* o f*. 

In this section we present some results in commutative algebra. Recall that an 
A-algebra B is called formally smooth (resp. formally etale) if it has the lifting 
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property (resp. the unique lifting property) for infinitesinial extensions. The A- 
algebra B is called smooth (resp. etale) if it is finitely generated and formally 
smooth (resp. formally etale). If B is smooth over A then it is flat, and ^^^y^ is 
a finitely generated projective B-module. See [EGAl Section Oiv-19.3] and [EGAl 
Section IV.17.3] for details. 

Definition 3.1. Let A and B be noetherian rings. A ring homomorphism /* : 
A — > _B is called essentially smooth (resp. essentially etale) if it is of essentially 
finite type and formally smooth (resp. formally etale). In this case B is called an 
essentially smooth (resp. essentially etale) A-algebra. 

Observe that smooth homomorphisms and localizations are essentially smooth. 

Proposition 3.2. Let f*:A—>B be an essentially smooth homomorphism. 

(1) There is an open covering Speci? — [J^Spec Bi such that for every i the 
homomorphism A — > Bi is the composition of a smooth homomorphism 
A Bf^ and a localization Bf^^ B^ . 

(2) /* is flat, and f^]^/^ is a finitely generated projective B-module. 

(3) /* is essentially etale if and only if^^g^^ = 0. 

(4) Let g* : B C be another essentially smooth homomorphism. Then g* o 
/* : j4 — > C is also essentially smooth. 

Proof. (1) Choose a finitely generated A-subalgebra B^ C B such that i? is a 
localization of B^ . We can identify U :— Speci? with a subset of := Speci?^. 
Take a point x £ U, and let y := f{x) G Spec A. Then the local ring Oui ,^ = 
Ou,x = Bx is a formally smooth Ay-algebra. According to [EGA| Chapitre IV 
Theoreme 17.5.1] there is an open neighborhood W of x in which is smooth 
over Spec A. Choose an element b ^ B^ such that the localization i?^[6^^] satisfies 
X G Spec i?^ [6^^] C W. Then is a smooth A-algebra, -B[fo^^] is a localization 

of B^[b~^], Spec_B[&~^] is open in SpecB, and x S Speci3[6^^]. Finally let i be an 
index corresponding to the point x, and define Sf™ := B^[b^^] and Bi := B[b~^]. 

(2) This follows from (1). 

(3) See [ECU, Chapitre Oiv Proposition 20.7.4]. 

(4) Both conditions in Definition 13.11 are transitive. □ 

Definition 3.3. Let /* : A ^ B be an essentially smooth homomorphism. If 
ranks ^^/j^ = n then /* is called an essentially smooth homomorphism of relative 
dimension n, and B is called an essentially smooth A-algebra of relative dimension 
n. 

By Proposition 13.2( 3). an essentially etale homomorphism is the same as an 
essentially smooth homomorphism of relative dimension 0. 

Proposition 3.4. Suppose f* : A B and g* : B ~> C are essentially smooth 
homomorphism of relative dimensions m and n respectively. Then g* o f* : A ^ C 
is an essentially smooth homomorphism of relative dimension m -\- n, and there is 
a canonical isomorphism of C -modules ^q^J^ = ^b/a ^c/b- 

Proof. By [EGAl Chapitre Oiv Theoreme 20.5.7] the sequence of C-modules 

— > C 0B ^B/A ^C/A ^ ^C/B ^ 
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is split-exact. Choose any splitting s : f^^/^ ^c/A- Then the homomorphism 

^^B/A ^I'dB ~^ "cm ' 

A • • • A /3™) (71 A • • • A 7„) /3i A • • • A A 5(71) A • • • A s(7„) 
is bijective and independent of the lifting s. □ 

Let us pause to review some facts about Koszul complexes. Suppose a ~ 
[a\ , . . . , a„) is a sequence of elements in a ring A. There is an associated Koszul com- 
plex K(A, a), which is a super-commutative non-positive DG algebra. As graded 
algebra K(A, a) is the exterior algebra over the ring A of the free module ^fli, 
where ai, . . . ,a„ are variables of degree —1. (In the language of Section 1 we can 
say that K(A, a) = A[ai, . . . , a„], the free super-commutative algebra on these odd 
generators.) The differential is d(ai) := ai G K"(^, a) = A. 

Suppose a is a regular sequence in A. Let J be the ideal generated by a, and 
let B := A/ J, the quotient ring. Then the augmentation K(A,a) — > i? is a quasi- 
isomorphism, and so K(A, a) is a free resolution of B as A-module. It follows that 
for any A-module M we have 

Ext^(B,M) = HPHomA(K(^,a),M). 

Given an element /i G M we define the generalized fraction 

^ e H" RomA{K{A, a), M) = Ext^(B, M) 

to be the cohomology class of the homomorphism K^"(A, a) M, oi A- • -Aon t-^ fi. 

The i3-module J/J^ is free, with basis the images ai, . . . ,a„ of the regular se- 
quence. Let us write det(a) := ai A • • • A a„ £ Asl"^/*^^)- Define the B-module 

ujb/a :=HomB(/\^( J/ J2),i3), 

which is free of rank 1 with basis Then according to |RD|, Proposition in.7.2] 

the map 



1 







(3.5) ¥.^t\{B,M)^LJB/A®AM, . . 

LaJ det(a) 

is an isomorphism, and moreover it is independent of the regular sequence. Let 
us recall the argument: if a' is another regular sequence generating J, then there 
is an invertible matrix g = [gij] with entries in A relating the two sequences, i.e. 
< = Ej9r,jaj- Then [^,] = det(g)-i [^], and likewise = det(g)-ig^. 

Therefore the map is the same. 

Clearly Ext^(i?, M) = for all p > n. Furthermore, it is shown in 'RD' Propo- 
sition III.7.2] that if M is a fiat A-module then Ext5^(B, M) = for all p < n. 

From here until Theorem [3T4] (inclusive) we consider a flat ring homomorphism 
A ~i B, and we let B° :— B ®a B. The diagonal embedding is A : Speci? ^ 
Spec_B°, and we define J Ker(A* : B"^ B). Given an element s G B° we write 
B[s-^] := B[A*(s)-i] and 

J[s-^] := Kcr(B'=[s-i] ^ B[s-^]) = ®bc J. 

Lemma 3.6. Assume A ^ B is essentially smooth 0/ relative dimension n. Then 
A is a regular closed immersion. Namely there exist finitely many elements Si £ B° 
such that: 

(i) Spec B = U^ Spec B[s-i]. 
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(ii) For any i the ideal J[s^ ^] is generated by a regular sequence of length n in 

Proof. Choose any x £ SpecB. By Proposition 13 . 2r 1 ) there are rings B' and B^™ 
such that A is smooth of relative dimension n\ _B^™ — > i?' is a loeaHzation; 

SpecS' C SpecB is open; and x G Speci?'. We may assume that B' — B[r^^] for 
some r ^ B. 

Since A B^"^ is smooth of relative dimension n, according to [EGAi Chapitre 
IV Proposition 17.12.4] there exists an element t G _B^™ 0^ i?™ such that x £ 
SpecB™[t-i], and the ideal 

J™[i-i] := Ker((B™ ®^ B"^)[t-^] 

is generated by a regular sequence of length n. 
Now there is a ring homomorphism 

(»A B"^ B[r-^] ®A B[r-i] = B"[(r ® r)"!]. 

Using it we can write t — to{r ® r)^' G B'^[(r (g) r)~^] for some non-negative integer 
I and an element to £ B°. Define Sx '■= to{r (^5 r) £ B° . Then the homomorphism 
B"™ -B™ ^ S'=[s-i] is flat, and the ideal 

J[S-'] ^^[s-l] J^^l] 

is generated by the same regular sequence of length n. 

Going over all x G Speci? we thus obtain a set {sx} of elements of satisfying 
the two conditions (i,ii). Since Spec B is quasi-compact we can select a finite subset. 

□ 

Remark 3.7. In general the ring _B''[s^^] is not the same as the ring B[s~-^] (^a 
B[s^^]. For instance, take A := R and B := C (so n = here). Let s :— i®H-lCg)i G 
B". Then B'=[s-i] = B[s-^] = B, but B[s-^] ®^ B[s-^] = B° ^ B. 

Take some s G B"^, and let b — (6i, . . . , 6„) be a sequence of elements in B°[s~^]. 
we define 

d(b) :=d(6i)A...Ad(Mef^S.[.-i]M- 

The de Rham complex fig /a is a DG A-algebra (which lives in non-negative 
degrees!). The A-algebra homomorphism P2 : -B ^ -B°, b i-^ 1 (g) 6, extends to a DG 
algebra homomorphism pj : ^b/a ~* ^B"/a- Thus given an element P G ^^^/^ we 
obtain an element p^(/3) G f^^c/^. Clearly (A* o P2)(/3) = /3. 

Lemma 3.8. Assume A B is essentially smooth of relative dimension n, and 
s & B° is such that the ideal J[s~^] is generated by a regular sequence. 

(1) There is a unique B[s^^]-linear isomorphism 
such that 

rd(b)Ap^(/3)- 

[ b 

for any regular sequence b = (6i, . . . ,6„) generating J[s^^] and any (3 G 
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(2) Let M be any B°[s ^]-module. Then 

Ext^.[^_i](i?[s-i],Af) =0 

for all p > n. Moreover, if M is fiat then this vanishing holds also for 
p < n. 

Proof. (1) First we observe that there's an isomorphism of B- modules 

(3.9) f7^/^^J/j2, d(fe) modj2 

for b E B. In this way we get an isomorphism Horns (fJ^y^, _B) — <^b/B'=- The 
derivation d : _B° — > ^^]je/^ restricts to a function d : J — > r2^„y^ such that 
d(J^) C J ■ f2]je/^, and this gives rise to is a spht exact sequence of _B-modules 

(3.10) Q-^ J/J^ ^ B^B^^^./A^^^/A^^- 
ln this setup an element b E J C B° will have images b G J/J^ and d{b) £ 
r2]je/^; and these are related by the formula d(6) — 1 ® d{b) G B 1^)3" ^b^/a- 
Taking determinants (i.e. top degree exterior powers) in p.9p and p.lOp we obtain 
a canonical isomorphism 

(3.11) B = O^/^ ®B n^/^. 

For any sequence b = (61, ... , 6„) of elements in J and differential form /3 G f^^/^ 
this isomorphism sends 1 (8) (d(b) A P2(/3)) > det(5) (g) (3. 

Now consider the isomorphism (|3.5p . but with updated entries. Using the iso- 
morphism p. lip it becomes 

Ext^c(-B, ri^"/^) = l^B/B^ ®S<^ ^s"/^ — <^B/B'= ®B ^B/A ®S ^^B/A- 

After inverting s we obtain a i?[s^^]-linear isomorphism 

(3^^2) ExtSe[.-.](i3[,s-i],17^^".^,_.]/J 

Suppose the sequence b = (5i, . . . ,6„) is regular and generates J^[s~^]. Then the 
form det(b) generates the i3[s~^]-module 

Also any clement of i3[s^-'^] (8ibc[s-i] ^'b'^[s-^]/a '^^^^ ^'^ expressed as d(6) Ap2(s^'/3) 
for some p G ^g/^ and I > 0. The isomorphism p.l2p sends 



d(6)Ap^(s-'/?) 



b 

On the other hand the map 



1 



det(b) 



>det(6)(g)s"'/3 



s '■(3^ -tAtT det(b) (g) s '/3 
det(6) 

is a _B[s^^]-linear isomorphism 

(3.13) ^B[s-^]/A ^ ^Bls-^/B-[s-^ ®Bls-^ ^B[s-^]/A ®i3[s-i] ^B[s-i]/A 

which is evidently independent of the regular sequence b. The isomorphism we 
want is the composition of p.l2p and p.l3p . 
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(2) Take s and b as in part (1). We can use the Koszul complex K(i3°[s^^], 6) to 
calculate Ext^^j^_ij (i?[s^^], Af). The assertions now follow from the general facts 
about Koszul complexes mentioned earlier; cf. [RD|, Proposition III. 7. 2]. □ 

Theorem 3.14. Let A ^ B be an essentially smooth homomorphism of relative 
dimension n. Define B° .= B ®a B . 

(1) The B° -module B has finite projective dimension. 

(2) One has Ext^,(B, fi^"e/^) = for all p^n. 

(3) There is a unique B-linear isomorphism 

^B/A Exigo{B, f^s"/^) 

which coincides with the isomorphism of Lemma I3.8r i) after inverting any 
element s € B° as described there. 

Proof. (1,2) We shall prove that for any i?''-module M and any p > n the module 
Extge(i?,Af) vanishes; and if M is flat there is also vanishing for p < n. Let 
SpecB = U»SpecS[s,7'^] be the open covering from the Lemma 13.61 It suffices to 
show that _B[s^^] (g) b Ext^^ {B, M) — for all i and all p in the corresponding range 
of integers. But this was done in Lemma [5751 2). 

(3) Uniqueness is clear, in view of Lemma 13.61 Regarding existence: due to the 
independence on regular sequences, the isomorphisms of Lemma 13. 8f l) on the open 
sets Spec i3[s~^] can be glued. □ 

Finally a result about essentially etale homomorphisms. 

Proposition 3.15. Let A B be an essentially etale homomorphism, and define 
_B° B iSiA B. Let fi : B'' ^ B be the multiplication map, and let I := Ker(/i). 
We view HomBc(_B, _B'') as an ideal of B'^ , i.e. the annihilator of I . Then there 
is a unique ring isomorphism v : B x B' ^ B° such that v{B') = /, v{B) = 
HomBc(_B, B'^), and fi o i/ : B ^ B is the identity. 

Proof. Uniqueness: once we know that = /©HomBc(S, B°) as S'^-modules, the 
ring B' and the isomorphism i' are determined. 

We need to construct i^. First let's assume that A ^ B is etale (i.e. i? is a finitely 
generated j4-algebra) . Let f* : B ^ B° be the homomorphism /* (6) :— Define 
X := SpecB° and Y :— Speci?; so / : X — > F is etale and separated. The diagonal 
morphism A : Y ^ X is a. section of /, and A* = /i. According to jEGAi CoroUaire 
IV. 17. 9. 3] the morphism A is a closed an open immersion, so that X = A{Y) ]J Z 
for some affine scheme Z — Spec B' . We get a ring isomorphism v : B x B' ^ B° 
such that V o ^ : B ^ B is the identity. Let e, e' G B'^ be the corresponding 
orthogonal idempotent elements, so that v{B) — B° ■ e and v{B') ~ B'^ ■ e' . Then 
B'^ ■ e' = I, and the annihilator of / in B° is precisely • e. 

Next lets look at a localization B ^ C. Define C° := C ®a C, hc ■ C° ^ C the 
multiplication map, Ic ■= Ker{fic) and C" :— C ®b-= B' . There is a factorization 
vc ■ C X C' ^ gotten from v by the tensor operation — . Note that 

Ic — ■ I, and so this decomposition can be characterized as lyciC) — Ic, vc{G) 
is the annihilator of Ic, and /ip o vc '. C C is the identity. 

Now for the general case. According to Proposition I3.2r i) we have an open 
covering SpecB = IJ^ Speci?i, such that for every i the homomorphism A — > is 
the composition of an etale homomorphism A Bf^ and a localization Bl™ Bi. 
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As explained in the previous paragraph there are factorizations Vi : Bi x B[ — > 
Hi ®A Bi, and these are compatible with further localization. Therefore they can 
be glued into a global factorization v : B x B' ^ B ®a B. □ 

4. Rigid Complexes 

In this section we introduce the main concept of the paper, namely rigid com- 
plexes. This concept is due to Van den Bergh |VdB| . 

First a comment on bounded complexes. Let B be a ring and M e D(Mod B). 
If M has bounded cohomology then, after replacing it with the isomorphic complex 
T-^T—-^M for i ^ and j ^ 0, we can assume that M e D^(ModB). Likewise for 
□"•"(Mod B). Such considerations will be made implicitly throughout the paper. 

For a noetherian ring A we denote by Df (Mod A) the derived category of bounded 
complexes with finitely generated cohomologies. 

Let ^ be a ring and let B be an v4-algebra. In Section[2]we constructed a functor 
Sq^B/A ■ D(Mod B) D(Mod B), the squaring operation (see Definition l2.6p . When 
A is a field one has the easy formula 

Sqg/A M = RHomsg3^s(B, M ®a M) 

(see CoroUarv I2.8p . The squaring is functorial for algebra homomorphisms too. 
Given a homomorphism of algebras f* : B ^ C, complexes M G D(Modi3) and 
N G D(ModC), and a morphism (f> : N M in D(Modi3), there is an induced 
morphism Sqy./^((/)) : Sq^/^ N — > Sc^b/a i'^ D(Mod B). Again when A is a field 
the formula for Sq^.^^ is obvious; complications arise only when the base ring A is 
not a field. 

Definition 4.1. Let A be a ring, let J5 be a noetherian ^-algebra, and let M G 
D(ModB). 

(1) A rigidifying isomorphism for M relative to A is an isomorphism 

p:M^SqB/AM 

in D(ModB). 

(2) If M e Df (Mod-B) and it has finite flat dimension over A, then the pair 
{M,p) in part (1) is called a rigid complex over B relative to A. 

Example 4.2. Take B = M A. Since S^a/a ^ = ^ it follows that A has a 
tautological rigidifying isomorphism : A ^ Sq^/^A. We call (^,p^") the 
tautological rigid complex over A relative to A. 

Definition 4.3. Let A be a ring, let B, C be noetherian A-algebras, let /* : i? ^ C 
be a homomorphism of A-algebras, and let (M, pm) and {N, p^r) be rigid complexes 
over B and C respectively, both relative to A. A morphism (f) : N ^ M in D(Mod B) 
is called a rigid trace morphism relative to A if the diagram 

N^S^c/aN 
M^^^b/aM 

of morphisms in D(Mod B) is commutative. If _B = C (and /* is the identity) then 
we say (p : N M is a, rigid morphism over B relative to A. 
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It is easy to see that the composition of two rigid trace morphisms relative to A 
is a again rigid trace morphism relative to A. In particular, for a fixed A-algebra 
B the rigid complexes over B relative to A form a category, which we denote by 
D{?(ModB)HgM. 

The importance of rigid complexes is captured by the next result. 

Theorem 4.4. Let A be a ring, let B be a noetherian A-algebra, and let (M, p) £ 
Dj (Mod -B)i.ig/^. Assume the canonical homomorphism B HomD(ModB)(-^^j -^^) 
is bijective. Then the only automorphism of{AI, p) in Dj (Mod i?)rig/A is the identity 
1m- 

Proof. Let : M ^ M be a rigid isomorphism. So cf) — blM for an invertible 
element b ^ B. Then 

^<iB/A{<f>) op = po(p = po (blM) = bp 

in IIomD(Mod s) (-^^j ^Ib/a ^^)- On the other hand, using CoroUar v 12.71 we have 

Sqs/A(0) ° P = Sqg/j^iblM) o p^b^ S(\b/a{'^m) o p = b'^po 1m = b^p. 

Hence b — 1. □ 

Remark 4.5. In our next paper [YZ4| we prove the following result, which adds to 
the interest in rigid complexes. Suppose A is a regular finite dimensional noetherian 
ring. Let B be an essentially finite type A-algebra, and assume Spec B is connected 
and nonempty. Then, up to isomorphism, the category Df (Mod -B)i.ig/^ contains 
exactly two objects: the zero complex, and a nonzero rigid complex {R,p). The 
rigid complex (_R, p) satisfies the condition of Theorem 14. 4[ so it has only one 
automorphism. Moreover the complex R is dualizing. 

Let Ahe a ring, let i? ^ C be a homomorphism of A-algebras, let M G D(Mod B) 
and let TV G D(ModC). Choose a K-flat DG algebra resolution A ^ B ^ B oi 
A ^ B, and then a K-flat DG algebra resolution B—^C—>-C'ofB—^C. This 
can be done by Proposition II. 71 {li A ^ B and B ^ C are flat one may just take 
B = B and C = C.) Then there is a sequence of morphisms in D(Mod C): 

(Sqs/^M) ®L (Sq^/^iV) 

= RHom^^^5(S, M ®L M) <g>l RHom^^^^(C, N <E>% N) 

-^0 RHom<5^^<5 (C, iV ®| TV ®| RHom^^^^(B, M M)) 

(4.6) RHom^^^^(c,RHom^^^^(S, (M ®\ N) ®\ (M ®| N))) 

RHom^^^^ (C, RHom<5^^c:(^ ®B C, (M ®^ N) (M ®% N))) 

RHom<5^^^(a, (M ®| N) 0^ (M ®| iV)) 
= Sqc/^(M®L N) 

defined as follows. The morphism <0> is of the form 

(4.7) X®^RHom(y,Z) ^RHom(y,X®^2'). 

The morphism V is a double application of (|4.7[) . The morphism f is actually 
an isomorphism: it is Hom-tensor adjunction for the DG algebra homomorphism 
B (g)^ B ^ C (^A C, plus the fact that 

C(g>BC^{C(g>A C) ®b^^bB. 
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And the morphism V is also an isomorphism, being Hom-tensor adjunction for the 
DG algebra homomorphism C®AC^C®gC. 

Lemma 4.8. Let A be a ring, let f* : B ^ C be a homomorphism of A-algebras, 
let M e D(ModB) and let N e D(ModC). Then the morphism 

in D(Mod C) that was constructed in (14. 6p is independent of the resolutions A — > 
B ^ B and B ^ C ^ C. 



Proof. The homotopy arguments in the proofs of Theorem 12.21 apply here. □ 
The morphism ^ f-M,N is called the cup product. 

Lemma 4.9. The cup product ■^f-M,N 'is functorial in M and N. Namely suppose 
we are given a morphism (j) '■ Mi — > M2 in D(Mod B) and a morphism ip : A^i —> N2 
in D(ModC). Then the diagram 

(4.10) (Sqs/A Ml) ®\ (Sqc/s Ni) I^^li^ S^c/a{Mi ®\ N^) 



Sqc/A(<^®'/') 



(Sqs/A M2) ®\ (Sqc/B N2) S^c/a{M2 ®^ N2) 

is commutative. 

Proof. Choose a semi-free DG algebra resolution A—^B^BoiA^B, and a 
semi-free DG algebra resolution B^C^CoiB—^C. According to Theorem 
I2.3f 3) we have representations Sq^ ^j^{(f)) = (Is, ® 0), SqQ/g{^/j) — (IcV' <8i ip) 
and 

SqcM(0 ® V') = ((Ic, (0 «> V') «> (0 «> ^)) ■ 
All the morphisms in (|4.6p are compatible with </> and tp. Hence the diagram 14. 101 
is commutative. □ 

Theorem 4.11. Let A be a noetherian ring, let B and C be essentially finite type 
A-algebras, let f* : B ^ C be an A-algebra homomorphism, M G Dj(Mod_B) and 
N e Df (Mod C). Assume all three conditions (i), (ii) and (iii) below hold. 

(i) The complex M has finite flat dimension over A, and H Sq^ M is 
bounded. 

(ii) The complex N has finite fiat dimension over B. 

(iii) Either (a), (b) or (c) is satisfied: 

(a) B C is essentially smooth. 

(b) M has finite flat dimension over B . 

(c) The the canonical morphism B —>■ RHoms(Af, Af) is an isomorphism. 

Then: 

(1) The complex M ®^ N is in Df (Mode), and it has finite flat dimension 
over A. 

(2) The cup product morphism 
is an isomorphism. 
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Proof. (1) The cohomology modules W{M ®^ N) arc finitely generated over C 
because the rings are noetherian. Since M has finite flat dimension over A and 
N has finite flat dimension over B (cf. Definition 14. ip , it follows that M ®^ N G 
D(Mod C) has finite flat dimension over A. In particular H(M (g)^ N) is bounded, 
and so we can assume that M (g)^ TV e D^(Mod C). 

(2) As was already mentioned the morphisms f and 'v' in (|4.6|) are automatically 
isomorphisms. 

Let us consider the morphism V. In order to prove that the morphism 
N'S>%N 0| RHom^^^^ (B, M <E>\ M) 

^ RHom^^^^ (S, (M ®| TV) ®L (M 0| TV)) 

in D(DGMod C ®a C) is an isomorphism, we can forget the C ®a C -module struc- 
ture, and consider this as a morphism in D(Nodyl). According to Corollary II. 101 
the algebra 11° (B ®a B) = B ®a B is noetherian, and each II'(i3 ®a B) is a finitely 
generated module over it. Since TV has finite flat dimension over B, and both 
II(TVf ®\ M) and Il((TVf (gi| TV) TV/) are bounded, we can use Proposition [TTT^ 
twice, with its condition (iii.b), to conclude that (|4.12p is an isomorphism. 

Finally let's show that ^ is an isomorphism. The DG modules TV (g)^ TV and 
Sq^ /A ^'^ have bounded cohoniologies. If i? — > C is essentially smooth then C ®q 
C — > C®bC is a quasi-isomorphism, and moreover C has finite projective dimension 
over C ®bC . Thus under either condition (iii.a), (iii.b) or (iii.c) of the theorem we 
may apply Proposition 11.12"! with its conditions (iii.a), (iii.b) or (iii.c) respectively, 
to deduce that <0> is an isomorphism. □ 

The next result is an immediate consequence of the theorem. 

Corollary 4.13. Let A he a noetherian ring, let B and C be essentially finite 
type A-algebras, let f* : B —> C be an A-algebra homomorphism, let {M,pm) £ 
Df (Mod _B)i.ig/A and let {N,pn) G Df (Mod C)i.ig/B. Assume condition (iii) of The- 
orem lilT] holds. Then the complex M (g)^ N € D(ModC) has a unique rigidifying 
isomorphism 

p:M®\N^ Sqc./A(A'/ ®\ N), 

such that the diagram 

M 

Pm®Pn 

(Sqs/A M) ®\ (Sqp/B TV) V Sqc/AiM TV) 

'~'f;M,N 

is commutative. 

Definition 4.14. In the situation of CoroUarv 14.131 the induced rigidifying iso- 
morphism of M (g^ TV is denoted by pM g) Pn- In addition we define 

(M, pm) g)B {N, pn) := {M g)^ N, pM g) Pn) e D^(Mod C),ig/A- 

Corollary 4.15. Let f* : B ^ C be a homomorphism between essentially finite 
type A-algebras, let (f) : {AIi^pM^) {M2,pm2) be a morphism in D^{Mod B),.ig/A, 
and let ip : (TVi,pjVi) ^ {N2,Pn2) be a morphism Dj (Mod C)rig/B. Assume condi- 
tions (iii) of Theorem 14. 1 II holds with respect to the two pairs of complexes {Mi, TVi) 
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and (M2, N2), so that the rigidifying isomorphisms pMi PNi and pM^ ® PN2 exist. 
Then the morphism 

</) (g) -0 : Ml (g)^ A^i ^ M2 ®B N2 
is a rigid morphism over C relative to A. 

Proof. This is due to the functoriaUty of the cup product; see Lemma [4.91 □ 

5. Rigidity and Finite Homomorphisms 

In this section we introduce the inverse image operation for rigid complexes with 
respect to a finite ring homomorphism. 

Definition 5.1. Let /* : A ^ i? be a ring homomorphism. 

(1) Define a functor f : D(ModA) D(ModS) by fH'I RHomA(S,M). 

(2) Given M G D(Mod A) let Tr^^.j;,^ : fU ^ M be the morphism </> ^ 
This becomes a morphism of functors Tr|^ : /,/^ iD(Modyi)- 

Observe that if g* : i? — > C is another ring homomorphism, then adjunction 
gives rise to a canonical isomorphism 

(5.2) g^fHl = RHomB(C, RHomA(B, M)) = RHomA(C, M) = (/ o g)Hl. 

Theorem 5.3. Let A he a noetherian ring, let B and C he essentially finite type 
A-algehras, and let f* : B C be a finite A-algehra homomorphism. Suppose we 
are given a rigid complex {M,p) G Df (Mod _B)rig/^, such that f^M has finite flat 
dimension over A. 

(1) The complex f^M G Df (ModC) has an induced rigidifying isomorphism 

f'ip):f'M^Sqc/Af'M. 

The rigid complex f^{M, p) := (f^M, f^{p)) depends functorially on (M, p). 

(2) Suppose g* : C ^ D is another finite homomorphism, and (/ o g)^ M has 
finite flat dimension over A. Then under the isomorphism (/ o g^M = 
g^f^M of ([53) one has 

9\f\p))^{fogf{p). 

(3) The morphism Tr|}^^^ : f'M -> M is a rigid trace morphism relative to A. 

For the proof we will need a lemma. The catch in this lemma is that the complex 
P of flat A-module is bounded below, not above. 

Lemma 5.4. Let P and N he hounded below complexes of A-modules. Assume that 
each P* is a flat A-module, and that N has finite flat dimension over A. Then the 
canonical morphism P ®\ N ^ P (®a N in D(Mod yl) is an isomorphism. 

Proof. Choose a bounded flat resolution Q ^ N over A. We have to show that 
P <^A Q ^ P <8a N is a quasi-isomorphism. Let L be the cone of Q ~* It is 
enough to show that the complex P (g)^ L is acyclic. We note that L is a bounded 
below acyclic complex and P is a bounded below complex of flat modules. To prove 
that (P (S)A L) = for any given i we might as well replace P with a truncation 

P' := ( , pn-i pji ^ ^ • ■ • ) for ji » i. Now P' is K-flat, so P' L is 

acyclic. □ 
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Proof of the theorem. (1) Let's pick a semi-free DG algebra resolution A ^ B ^ B 
oi A B. Next let's pick a K-projective DG algebra resolution B ^ C ^ C oi 
B ^ C, such that undC* ^ ®i'=_oo ^'^'^ ^[~*]''' '^ith finite multiplicities fif, see 
Proposition ll.7f 3). Choose a bounded above semi-free resolution P' ^ M over B. 
Since M has finite flat dimension over A it follows that for j ^ the truncated DG 
B-modulc P := t^'P' is a bounded complex of flat A-modules, and also P = M in 
D(DGModi3). 

We have an isomorphism Homjj(C',P) = RHomB(C, A/) — f^M in 
D(DGModC), and an isomorphism 

Honi^^^^(C' ®A C, P®aP)^ RHom^g^^^(C' ®a C, M ®\ M) 

in D(DGModC ®a C). Because the multiplicities jii are finite and P is bounded, 
the obvious DG module homomorphism 

Hom^(C', P) ®A Hom5(C', P) Ylomg^^g{C ®a C, P ®a P) 

is bijective. Now Hom^(C, P) is a bounded below complex of flat yl-modules, which 
also has finite flat dimension over A. Therefore by Lemma 15.41 we obtain 

Hom^(C', P) ®A Hom^(C', P) ^ RHoms(C, M) ®^ RHomB(C, M) 

in D(DGMod (7 ®a C)- We conclude that there is a functorial isomorphism 

(5.5) RHomB(C, M) RHomB(C, M) = RHom^g^^(C' 0a C, M M) 

in D(DGMod C ®a C). (If A is a field we may disregard the previous sentences, 
and just take B := B and C :— C.) We thus have a sequence of isomorphisms in 
D(Mod C): 

Sqc/A fM = RHom(5^^p(C, RHomB(C, M) ®\ RHoms(C, M)) 
RHom^^^^(C, RHom^^^^(C ®a C. M ®\ M)) 
RHom^^^^ (C,M®Lm) 

RHoms(C,RHom^^^^(B,M®L ^)) = / Sq^/^ Af, 

where the isomorphism marked <C> is by (j5.5p . and the isomorphisms % come from the 
Hom-tensor adjunction formula. The rigidifying isomorphism we want is the com- 
position of f^{p) : f^M f^ Sq^/A M with the isomorphism af : f^ Sq^/^ M ^ 
Sqc/A f^M we get from jSH). 

(2) Because of adjunction identities the diagram 

(5.7) (/ o gf Sq^/A M ^ > Sq^/Af ° 9? M 

g'f Sqs/A M Sqc/A f'M Sq^/^ g'f'M 

in which the vertical arrows are the isomorphisms (|5.2|) , is commutative. Therefore 
9\l\p))^{fog)\p). 
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(3) Consider the diagram 



(5.8) 



M 



S\p) 



a 



M 



p 




in which (j) Tv'^.j^i, N := Sq^y^ M and tl^ :— Tr^^.jy. Since Tr^ : ^ 1 is a 
natural transformation, the square portion on diagram (|5.8p is commutative. 

As for the triangle portion of the diagram, according to Theorem 12.3( 3) the 
morphism 



(r, ® 0) :RHom^^^^ (C,(/M) (/^Af )) ^ RHom^^^^(B, M 0^ m). 



Now going over the various isomorphisms in equation (j5.6p we see that every one of 
them commutes with the obvious morphisms to RHom^„ ^(-S, M (g)^ M). There- 



Suppose -B ^ C is a ring homomorphism, M £ D(Mod B) and N e D(Mod C). 
Adjunction gives rise to a canonical isomorphism 

RHomB(A^,Af) RHomc(iV, RHomB(C, M)) ^ RHomdN, f M). 

Given a morphism ^f; : N ^ f^M in D(ModC), the corresponding morphism in 
D(Mod B) is Tr5:.j,^ o^:N^M. 

Definition 5.9. Let /* : i3 ^ C be a ring homomorphism, M G D(Modi?) and 
N £ D(ModC). A morphism (j) : N ^ M in D(Modi3) is called a nondegener- 
ate trace morphism if the corresponding morphism N f" M in D(ModC) is an 
isomorphism. 

Proposition 5.10. Let f* : B —y C be a finite homomorphism between two es- 
sentially finite type A-algebras, let {M,pm) G Dj (Mod _B)i.ig/yi and {N^p^) £ 
D^(Mod C),.ig/A- Assume N = fM and HomD(ModC)(^,^) = C- Then there 
exists a unique nondegenerate rigid trace morphism (j) : {N,ppf) — > {M,pm) over B 
relative to A. 

Proof. First note that in this case a morphism ^ M is a nondegenerate trace 
morphism if and only if the corresponding morphism N ^ f^M is a basis of the 
rank 1 free C-module HomD(ModC)(-^: Z''-^)- 

Because N = f^M this has finite flat dimension over A, so Theorem I5.3f l) 
applies, and the rigid complex f^{M,pM) exists. Pick any isomorphism ip : N ^ 
f^M. Then HomD(ModC)(^i Z''-^^) is a free C-module with basis -0- Since 
Sqpy^('0) : Sqpy^A^ Squ/j^f^AI is also an isomorphism, it follows that 
Sq(j/j^{ip) = uf^ {pM)°'tp for some unique invertible u G C. Then u~-^^ : {N, p^) 
f^(M, pm) is a rigid isomorphism. By Theorem 15. 3r 2) the morphism 



is just 




:= Tr|}.j,_f o u V : (A^, Pn) (M, pm) 



is a nondegenerate rigid trace morphism. 
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Finally, since u~^^p is the unique rigid isomorphism {N,pn) ^ f^{M, pm) 
it follows that (/) is the unique nondegenerate rigid trace morphism {N, pn) — * 
{M,pm). □ 

Corollary 5.11. In the situation of Theorem 15.31 assume HomD(ModC)(/''-^j f^M) 
— C. Then Tij.^,^ is the unique nondegenerate rigid trace morphism f^{M, pm) 
{M,pm)- 

Proof. Take {N,pn) := f\M,pM) in Proposition EIOl □ 

Example 5.12. Suppose /* : A ^ i? is a finite flat ring homomorphism. Consider 
the rigid complex {N,p) := e D^(Mod B)rig/A- Since Sq^/^ iV ^ iV it 

follows that 

SqsM ^ = Homs®^s(B, N (S)a N) C N (»a N, 
and in this way we may view p as an A-linear homomorphism p : N ^ N (E)a N. It 
is not too hard to show (using Corollarv lS.lip that p makes N into a coassociative 
cocommutative coalgebra over A, with counit Tr^.^ : N ^ A. In fact, the coalgebra 
N is precisely the A-linear dual of the A-algebra B. 



6. Rigidity and Essentially Smooth Homomorphisms 

In this section we introduce the inverse image operation for rigid complexes with 
respect to an essentially smooth ring homomorphism. 
We shall need the following easy fact. 

Lemma 6.1. Suppose B — YiiLi Speci? = lJ™i Speci?^. Then the functor 

^ '-^ Hii^t <^B N) is an equivalence D(Mod B) Hi D(Mod Bi). 

Definition 6.2. Suppose /* : A ^ _B is an essentially smooth homomorphism 
between noetherian rings. Let Spec B = ]Jj Spec Bi be the (finite) decomposition 
of Spec B into connected components. For each i the -Bi-module f^Jj./^ is projective 
of constant rank, say Ui. Given M e D(Mod A) define 

f^M :=l[in2^^[n,] ®aM). 

This is a functor /« : D(Mod A) D(Mod B). 

Note that ii f* : A ^ B is essentially etale then one simply has Af ~ B ®a M. 

Theorem 6.3. Let A he a noetherian ring, let B and C he essentially finite type 
A-algehras, and let f* : B ^ C he an essentially smooth A-algebra homomorphism. 
Let {L,p) e D{?(ModS)Hg/A- 

(1) The complex f^L has an induced rigidifying isomorphism 

f»ip):f^L^Sqc/ApL. 

We get a functor : D^(Mod B),.ig/A ^ D^(Mod C)rig/A- 

(2) Let (_B,p^") he the tautological rigid complex. Then under the standard 
isomorphism f'^L = L ®\ f^B one has f'^{p) ^ p® /''(/O^")- 

(3) Let g* : C D he an essentially smooth homomorphism. Then under the 
isomorphism (/ o g)'^L = g'^f^L of Proposition 13.41 one has (/ o g)^{p) = 
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Proof. (1) In view of Lemma l6. II we might as well assume ^q^^ has constant rank 
TO. There are ring homomorphisms p5^,P2 : C —>■ C®bC, namely pj(c) := c0l and 
P2(c) := 1 (g) c. These induce module homomorphisms p* : ri™/g 0"^^^^^^^^, 
and the resulting homomorphism 

^C/B ®B ^c/B ^ ^\c®sC)/B , 71 ® 72 ^ pt(7l) A p;(72) 



is bijective. So we can interpret Theorem 13. 141^ 3) as a canonical rigidifying isomor- 
phism for the complex ri™y^[TO] relative to B, which we denote by pn- Thus we 
obtain an object 

(r!™/B[m],po) G Dt'(ModC)Hg/B. 
Now using Theorem 14. Hi under its condition (iii.a), and Definition I4.14i we can 
define the rigidifying isomorphism f^{p) p® pn- CoroUarv 14.151 guarantees 
functoriality. 

(2) This assertion is clear from part (1). 

(3) We may assume has constant rank n. Let's introduce temporary notation 
C«=/-S ■=C(8)bC and E(B,C) := Ext;^?^/^ (C, so that 

Sqc/i3(^^c/sH) =E(S,C)H- 
Likewise for C ^ D and B D. 

Using part (2) of this theorem it suffices to prove that 

Uo9)KpT) = fKpT)®9KpT) 

as rigidifying isomorphisms for fi^'^^ [to + n] = g^f^B relative to B. In other words, 
we have to prove that the diagram of isomorphisms 

(6.4) f^^/B ®c ni^c > KTb 



E(B, C) ®c E(C, D) > E(B, D) 

in which the top horizontal arrow is from Proposition l3.4[ and the bottom horizontal 
arrow is the isomorphism of Theorem 14 . 1 1 r 2 ) . shifted by to + n, is commutative. 

Let us define ideals J := Ker(C"=/'^ ^ C) and K Ker(L>'=/'^ ^ D). Choose el- 
ements s & C^/^ and t G D^/'~^ such that the ideals J[s^^] and K[t~^] are generated 
by regular sequences c = (ci, . . . , Cm) and d — (di, . . . , dn) respectively. Using the 
surjection D'^^^ D'^l'^ we lift t to an element of D'^l^ ^ which is also denoted by t. 
After possibly replacing t by st we can assume that C°l^\s~^\ goes into iD°/^[t~^]. 
In view of Lemma 13.81 it suffices to verify that the diagram (|6.4p commutes after 
inverting t. 

Let's write 

E(i?,C)[s-i] :=Ext™,«[^_,](C[s-i],l]^?/,[,_,]/^). 
We can represent it using a Koszul complex: 



E(S, C){s-^\ = H" Homcc/B[,-i] {vi{C^I^\s~\c)M. 



2m 



Likewise for F,{C, D)[t~^] and E{B, D)[t~^], using the regular sequences d and 
(c, d) respectively. Now let's return to the proof of Theorem I4.11f 2) and track 
all the isomorphisms there. But this time we have flat algebra homomorphisms 
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B ^ C ^ D (instead of A ^ S ^ C), so there is no need to take DG algebra 
resolutions. On the other hand there are some localizations to remember. Thus, 
instead of B ®a B wc now have C°/^[s-i]; instead of B we now have C[s 
etc. And most importantly, the RHom's are calculated using Koszul complexes, so 
elements of E(i3,C)[s^^] etc. can be represented as generalized fractions. We see 
that the isomorphism 

E(B, C)[s-^] ®c[s-i] E(C, D)[t-^] ^ E(B, D)[r^] 

that we get from Theorem 14. Iir 2) sends 

"d(c) Ap^(7) 
c 

Here 7 G ^^/^ and 5 G ^^/c ^''^ arbitrary elements. Comparing this to Lemma 
I3.8r i) we conclude that indeed the diagram (|6.4p . localized, is commutative. □ 

Definition 6.5. Let A be a noetherian ring, and let f*:A-^A'he an essentially 
etale ring homomorphism. For M e D(Mod^) let c^^.f^ : M f'^M = A' (g)A M 
be the morphism m 1— > 1 ® m. As M varies this becomes a functorial morphism 
q/ : iD(Modyi) /*/"• 

In the situation of the definition above, given M' E D(Mod A'), there is a canon- 
ical bijection 

IIomD(ModA)(-^, -^') ^ HomD(ModA') 

In particular, for M' := f'^M, the morphism qj^.^/ corresponds to the identity 1a/'- 

Definition 6.6. Let ^ be a noetherian ring, let A A' he an essentially etale ring 
homomorphism, let M e D(ModA) and M' G D(Mod^'). A morphism (j) : M ^ 
M' in D(Modj4) is called a nondegenerate localization morphism if the induced 
morphism 1 ® (}> : A' ®a M M' is an isomorphism. 

Definition 6.7. Let A be a noetherian ring, let B and B' be essentially finite type 
A-algebras, let f * : B ^ B' he an essentially etale A-algebra homomorphism, let 
{M,p) e D^(ModB),ig/A and let (M',p') e D^{Mod B'),^^/^. A rigid localization 
morphism is a morphism (p : M ~^ M' in D(Mod-B), such that the induced mor- 
phism 1 (g) : fHM, p) — > (Af ', p') is a rigid morphism over B' relative to A, in the 
sense of Definition 14.31 

Proposition 6.8. Let A be a noetherian ring, let B and B' be essentially finite 
type A-algebras, let f* : B ^ B' be an essentially etale A-algebra homomorphism, 
and let {M,p) G D^(Mod B)i.ig/A- Define [M' , p') := /«(M,p). Then: 

(1) The morphism q^-.A/ • M — > M' is a nondegenerate rigid localization mor- 
phism. 

(2) Moreover, i/ RIIomB(M, M) = B, then q^.A/ the unique nondegenerate 
rigid localization morphism M M' . 

Proof. (1) Since the corresponding morphism M' — > M' is the identity automor- 
phism of AI' , it is certainly rigid and nondegenerate. 

(2) Here we have HomD(Mod S') (A^'- Af) = B' . The uniqueness of qJ^.A/ is proved 
like in CoroUary[5lll □ 



d 



d(c,d)Ap^(7A,5) 
(c,d) 
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Theorem 6.9 (Base Change). Let A be a noetherian ring, let B,B' and C be 
essentially finite type A-algebras, and let f* : B ^ C and g* : B ^ B' be homo- 
morphisms of A- algebras, with g* a localization. Define C :— B' ®b C, so there 
are induced homomorphisms /'* : B' ^ C" and h* : C ^ C , with h* a localization; 
cf diagram below. Let {M,pm) e □['(Mod B)i.ig/A, iet {N,pn) e D^(Mod C),.ig/A; 
and suppose 

: (iV,pjv) ^ (M,pm) 
is a rigid trace morphism over B relative to A. Define M' := g^M and N' -.^h^N. 
There is a morphism (j)' : N' — s- M' in D(Mod B') gotten by composing the canonical 
isomorphism N' = C ®c N = B' ®b N ^ g^N with g^cj)) : g^N ^ g^M = M' . 
Then 

^' : {N',hHpN)) ^ {M',gHpM)) 
is a rigid trace morphism over B' relative to A. 

B^-^C M^-^N 



4g;M 



B' —;r^ C M' ^^-r- N' 

Observe there is no particular assumption on /*, and (j) is not assumed to be 
nondegenerate. For the proof we shall need a few lemmas. 

Choose a K-flat DG algebra resolution A^B^BoiA~^B, and a K-flat DC 
algebra resolution B ^ B' ^ B' oi B ^ B'; see Proposition 11.71 {li A ^ B and 
B ^ B' arc flat then wc may just take B :— B and B' := B'.) Define a morphism 

in D(Mod B) by composing the following morphisms: 

Sqs/A M = RHom^^^5(B, M ®\ M) 

(g^^O^ RHom^^^^(B, M' ®\ M') 

^*RHom^,^^^,(B',M' ®\M') 
= Sqs'/AM'. 

In these formulas 1 denotes the identity morphism of B, and q := q^.^^ : M M' . 
For the notation (1, q® q) see text prior to Theorem 12. 31 The isomorphism is by 
Hom-tensor adjunction with respect to the DG algebra homomorphism B ®a B — > 
B' ®A B', plus the fact that B®g^^g {B' i^ia B') ^ B' . 

Lemma 6.11. The morphism Am is independent of the DG algebra resolutions 
A^ B ^ B and B ^ B' ^ B'. 

Proof. Choose a K-injective resolution M — *■ / over 13® aB, and a K-injective 
resolution M' ®\ M' V over B' ®a B' . Since B' ®a B' is K-flat over BiSiaB it 
follows that /' is a K-injective DG B (S)a B -module. Therefore q(8) q : M (^a M — > 
M' iS)A M' extends to a homomorphism ^ : / ^ /' in DGMod B ®a B, uniquely up 
to homotopy. The morphism Am is represented by 

Hom^«,B(S,/) ^Hom^^^^(S,/') Hom^,^^^, (B', /'). 
Now the homotopy argument from the proof of Theorem 12.21 can be used. □ 
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In the same way we define a morphism Aat : Sq^y^ 
D(Mod C). 



N 



Lemma 6.12. The diagram 
(6.13) Sqc/AN 



-> Sq, 



C'/A 



N' 



Sq/./A( 



Sqf/Ai'l>') 



Sq^,/^ M' 



of morphisms in D(Mod-B) is commutative. 



Proof. Choose a semi-free DG algebra resolution A^B^BoiA^B. Next 
choose semi- free DG algebra resolutions B ^ B' ^ B' and B ^ C ^ C of B ^ B' 
and B ^ C respectively. Define C" := B' ®g C. Because B ^ B' \s flat wc get 

a quasi- isomorphism C' C", and hence C ^ C' C and B' C' C 
are semi-free DG algebra resolutions of C ^ C" and B' C respectively. By 
definition of the morphisms A_ and Sq_ the diagram (|6.13p is represented by 



RHom^^^^(C,7V®L ^) 



qOS q 



RHom 



B®aB 



{B, M M) 



qosq 



-^RHom^,^^p,(C',7V' ®L N') 
4 RHom^,^^^, (i?',M' ®\M') 



(we are suppressing the adjunction isomorphisms <)). This latter diagram is trivially 
commutative. □ 



Lemma 6.14. The diagram 



M ■ 



IB /A 
Am 

M' > Sq^,/^ M' 

of morphisms in D(Mod_B) is commutative. 

Proof. Recall that ^'(pm) was defined to be ^''(p^") ® Pm, under the isomorphism 

[S^S/A M) ®\ [S^B'/B B') Sq^,/^ M'. 



But in this situation of a localization B' ®b B' ~ B' , and 

gtt(ptau) . ^, 3U Sq5,/5 B' = RRomB'»,B'{B',B' ®b B') 
is just the identity. The composed map 

Sqs/A M ^ (Sqs/A M) ®% B' l^n^ Sq^'/A M' 

is exactly Am- 



B' 



□ 
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Proof of Theorem 16.91 Consider the cubic diagram 




The top face of the diagram is trivially commutative. The right face is commutative 
by Lemma 16.141 For the same reason the left face commutes. The bottom face 
commutes by Lemma 16.121 Because p m and p n are isomorphisms we see that 
B' ®B Sqc/A N = N' and B' ®b Sq^/^ M = Sq^/ M', via the morphisms 

A AT and A m respectively. Thus the front face is gotten from the rear face by applying 
the functor = i?'®^ — to it. But the rear face is commutative because </) is a rigid 
trace morphism. We conclude that the front face is commutative, which means that 
4>' is a rigid trace morphism. □ 

Remark 6.15. Theorem 16.91 is true even when g* is essentially etale (not just a 
localization). However the proof is more complicated, since in this case B' ®b B' is 
not equal to B'] cf. Proposition l3.15l In the definition of the morphism Am, namely 
in equation (|6.10p . one has to replace the isomorphism <^ with 

RHom5^^5(B, M' ®^ Af ') - RHom^,^^^, {B' ®b B' , M' ®\ M') 

^^^^ RHom^,^^^,(S',M' ®L M'), 

where v : B' ^ B' ®b B' la the canonical homomorphism from Proposition 13.151 

We end the paper with an existence result. 

Theorem 6.16. Let K 6e a regular noetherian ring of finite Krull dimension, and 
let A he an essentially finite type M.-algebra. Then A has a rigid complex {R, p) 
relative to K, such that the canonical homomorphism A HomD(ModA)(^7-R) 
bijective. 

Proof. First we note that Sqjj/K IK = K, and this gives the tautological rigid com- 
plex (K,p*--) e Db(ModIK)Hg/K. 

Now the structural homomorphism K ^ A can be factored into 

K A B ^ c ^ ^, 

where B := K[ti, . . . , f„] is a polynomial algebra; S — > C is surjective; and C ^ A 
is a localization. By definition /'K = ^^/^[n] G Df (Mod _B), and according to 

Theorem 16.31 it has an induced rigidifying isomorphism /'*(p*'*"). Since i? is a 
regular ring of finite Krull dimension it follows that 

g'f^K = RHomB(C,r!^/KN) £ D^(ModC). 
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Since K is regular it follows that g^/'lK has finite flat dimension over IK. By Theo- 
rem 15.31 we deduce that g^f'^M. has an induced rigidifying isomorphism 
g^fHp^^'^)- Using Theorem 16.31 again we obtain a rigidifying isomorphism p := 
hig^f^{p^'^^) for the complex R h^g^pK e □'"(Modyl). 

It remains to calculate RHom^(i?, i?). Since ^l^yjj is a projective i3-module of 
rank 1 we see that 

RHoms(/*IK,/«IK) = B. 
Next, by twisting, adjunction and the fact that B is regular we get 
RRomcig^fK^g^fK) = RRomc {g^ B , g^ B) 
= RHomc(RHoms(C,S),RHomB(C, B)) 
^ RHomB(RHomi3(C, B), B) = C. 
Finally, using Proposition II. 121 and adjunction, we get 

RHomA(/i"g^/*K,/i».g7'lK) ^ KRomc{g^ fK,h^^ fK) 
'^A®c RHomc(5V*IK, g^ fK) '^A^cC'^A. 

□ 
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